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The present work describes an immersion in 5D of the interior Schwarzschild solution 
of the general relativity equations. The model-theory is defined in the context of a flat 
5D space-time-matter Minkowski model, using a Tolman like technique, which shows via 
Lorcntz transformations that the solution is compatible with homogeneity and isotropy, 
thus obeying the cosmological principle. These properties permit to consider the solution 
in terms of a cosmological model. In this model the universe may be treated as an 
idealized star with constant density and variable pressure, where each observer can be 
"center" of the same. The observed red-shift appears as a static gravitational effect which 
obeys the sufficiently verified and generally accepted square distance law. The Buchdahl 
stability theorem establishes a limit of distance observation with density dependence. 
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1. Introduction 



Recent result J 1 | 5 | 6 | ^ 1 in cosmology show the possibility of an immersion of cos- 
mological models (static and non-static) in flat 5D spaces (Riemann flat), opening 
doorways for a better understanding of the behavior of such models in a ge omet rical 
sense ^ as well as indicating new perspectives in the quantization issue I ^ U^ I ^ 
unifying them with one geometric origin. However, already in 1930 Tolman 1 ^^ , 
one of the pioneers in the field, applied immersion techniques in 5D to show the 
homogeneity and the geometry of static and non-st atic c osmological models. Ac- 
cording to the procedures of Tolman 021 anc [ others EE] the only possible static 
models are reduced to three, Einstein, De Sitter and Special Relativity, that satisfy 
the cosmological principle (homogeneity and isotropy). In this work, using a similar 
technique used by Tolman, the possibility of another alternative for a static cosmo- 
logical model is shown not cont emp lated by the previous three options, given by the 

I -I r\i 

Schwarzschild interior solution for the General Relativity theory (an idealized 
model for a star as incompressible fluid, with spherical symmetric distribution, of 
radius r\, constant density poo) and with metric in natural units (G=l, c=l) given 



1 
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by 



2 

dr 2 



ds 2 = -- — 7T -r 4 dB 4 -r*euB J 6 d<f> A + I A-B^jl- j^J dt A , (1) 



where 



which defines the invariant line clement. 



2. Transformations 

2.1. Minkowski Metric 5D 

In order to accomplish an immersion of the solution ^ in a Minkowski 5D (M-5) 
m etric , we proceed in two steps. Initially, the known transformations, already used 
by 021, are given as follows, 

r = R sin(x) (3) 
a = R sin (x) sin (9) cos (</>) (4) 
(3 = i? sin (x) sin (6») sin (0) (5) 
7 = R sin (x) cos (#) (6) 
C = i?cos(x) (7) 
that take the spatial part of Jl} as a Euclidian metric 4D, 

/ C \ 2 

„2 _ j ,2 jo2 j_,2 ia2 i | 4 d S \ j.2 



^ = -^-^-^-^+U-^j di 2 . . (8) 
In the following, the system of partial differential equations are solved, 

f2 , iJ2 _ J/-2 , a n S \ j,2 



-d<5 2 + de 2 = -d( 2 +[A-B±) dt 2 . (9) 



( 5 = i?cosh( 4) (A-s4 ) ( 10 ) 



for the functions S (£, i) and e (£, i), yielding as result the transformations 

and therefore ([5]) changes into 

ds 2 = -da 2 - d/3 2 - dj 2 - d5 2 + de 2 , (12) 
which assumes the form of the Minkoweski 5D metric (Riemann Flat), as desired. 



e = Rsmh[^] (a-B^-) , (11) 
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The Schwarzschild Static Cosmological Model 3 

2.2. Lorentz 5D Tranformations 

In the following we show that for a group of transformations in 5D space, the line 
element ([1]) is homogeneous, in other words, invariant under t rans lations and by 
virtue isotropic and non- homogeneous due to a variable pressure ^^). The apparent 
non-homogeneity is due to a fictitious effect of the 4D space. To this end consider 
an initial scenario of space and time points in an initial system J 4 with dimension 
4D, and using the coordinates of the metric |T]) for an observed object G (Galaxy) 
at position r = (indeterminate angles) and time t — T, and an observer at 
position r — r\ (null angles) and time t = T , as show in table 1. Then, using 



Table 1. Initial System I 4 



System I 4 


r e 


<t> t 


G 





... T 





n o 


T 



the transformations ([3])-([5]), (flO]) - (p~T|) is obtained the corresponding values in the 
coordinates of metric (|12[) are obtained, in an initial system I 5 with dimension 5D, 
as show in the table (2) that represent the following positions of G and in a 



Table 2. Initial System I 5 



I 5 
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P 
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5 






e 






G 













ri 


-Rcosh \ 
ficosh(g) 1 A- 


(A-B) 


R sinh 
,Rsinh(g) 


A - 


(A 
-By 


-B) 

hi) 



Cartesian plane for e and S where 



' rp \ 

p = i?cosh ( — ] (A-B) 



q = i?cosh ( ^) I A - B\ 1 - -± 



R \ V R 2 



' rp ^ 

m = flsinh ( — ] (A - B) 



f rp > 

n = Rsxah f — ) I A - B\l 1 - 



R \ V R 2 



(13) 



We now perform a sequence of transformations, a translation and a rotation 
which leads to the representation in system F . The translation is defined by the 
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q 8 



Fig. 1. Coordinates in I 4 . 
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Fig. 2. Coordinates in I 4 . 



condition that the distance of the origin of the new system F 5 to O is the same as 
the distance of G to the origin of the previous system I 5 . This results in the new 
coordinates 



5* = 6-(p + q) , 
e* = e — (to + n) , 



(14) 
(15) 



and the subsequent rotation is specified by the angle a = —in. The result after two 
transformations for the two coordinates is 



5' = S* cosh(cr) - e* sinh(cr) = -6* , 
e' = 5* sinh(cr) + e* cosh(er) = — e* . 



(16) 
(17) 

Since the line element (|12p is invariant for Lorentz transformations (|16|) and 
(Tl?J). from (T3]) and (JT5J) one obtains 



5' = S+(p + q) 



(18) 



— e + (to + n) 



(19) 
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q p 



Fig. 3. Coordinates in J 4 . 

Further applying a translation transformation for a, (3 and 7, where a 1 = a, f3' — (3 
and 7' = 7 — r\ one obtains the line element in the new system F 5 

ds 2 = -da 12 - df3' 2 - di 2 - dS' 2 + ds' 2 , (20) 

where the following table shows the specific coordinates in terms of A, B, R and 
ri, respectively. Considering the transformations ©-([5]), ([TU] l -([TT ]l in the system F 5 

Table 3. Final System F 5 
F 5 a' &> i 6' e' 



GOO — n i?cosh(g) \A-Byi- ^jj /Jsinh(g) \A-B\jl- 
O ficosh (g) (A - B) Ksinh (g) (A - B) 



one obtains a new system F* with line element equivalent to {T]) given by 

ds 2 = - - r ,2 d<? ' 2 - r 12 sin 2 9 1 # ' 2 + f A - 1 - ^ di' 2 , (21) 

where the spatial and temporal positions of G and are given in the following table 
Comparing table 1 with table 4 one verifies, that a transformation of coordinates of 

Table 4. Final System F 4 . 
System F 4 r' 8' <j>' t' 



G n 7T ... T 
O T 
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Fig. 4. Relative condition of the matter. 



an initial system I 4 with G in the origin r = and O in r = r\ , to a final system F A 
that possesses the same line element (|2"Tj) but with O in the origin r' = and G in 
?'' = ri, beside the three indeterminate angular values. This transformation in the 
context 5D evidences the homogeneity of the 4D interior Schwarzschild solution. 



3. Interpretation 

This result appears paradox in 4D, because it contradicts one of the initial char- 
acteristics for the construction of the model that is the variable pressure (no ho- 
mogeneity}. Due to translational symmetry, shown using M-5, one obtains for the 
pressure^ of any observer (G or 0) 



.3V 1 -*- 1 . 

in other words, it only depends on the relative distance r-y between G and O, but 
it is constant for both. 

Such a result ca n be interpreted in the context of a theory of the type 5D space- 
time-matter (STM) l^SI, since invariance of the metric (fT2|) should be maintained, 
and the contradiction is solved admitting the loss of the absolute character of the 
matter in such theory. In other words, in the theory of the relativity space and time 
are relative to observers, in a theory STM, matter is also relative to observers. A 
theory of this type has as a main characteristics, that it considers matter in a purely 
geometric fashion, i.e. as a topological quantity. This reasoning is already known 
in literature, see for instance the theory 5D STM in ref. The relative condition 
of matter in the model can be observed in the following illustration where in the 
passage of the system I 4 (G in r = 0) for the system F A (0 in r' = 0), supposing a 
distribution of radius r± , the gray part of matter has no influence on metric (|21| , 
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Fig. 5. Gravitational red shift. 

but on metric ([1]). It is evident in this result the inexistence of an absolute center 
inside the matter distribution, and consequently O and G lose their uniqueness. 

4. Properties of the Model 
4.1. Red-Shift 

Another important aspect of the model is the observable red-shift effect that in- 
dicates the intrinsic expansion of space (cosmological red-shift), and that from an 
interior static metric point of view it becomes an effective gravitational red-shift. 
This result is based on Tolman's work^^land pointed out by Zeldovich-Novikovl^ni, 
that establishes that external matter of a distribution of spherical symmetry does 
not possess gravitational effects on the interior matter (considering a radius r% as 
separation limit). The observed object (G), is considered with a temporal potential 
given by a spherical distribution of matter with radius r = n, i.e. in the surface of 
the distribution. Therefore we obtain for this potential gu = 1 — ^rp- ■ Already the 
observer (O) is considered with a temporal potential given by a spherical distribu- 
tion of matter with radius ri — > 0, located in r' — , or g u — ► 1, because it is 
not influenced by the external distribution of matter (considering a distribution in 
a large scale). This can be observed in the following illustration. 

Therefore, considering the previous potentials, we obtain to a first order approx- 
imation for the red-shift 

& v rn . . 

z = (23) 

v n 



and for © 

5v 



v 



k r{ (24) 



which states a law directly proportional to the square of the distance of observation 
ri, that cor responds to an accelerated red-shift in agreement with astronomical 
observations^ ' ' '. This result can be experimentally proven by curve adjustment 
(regression) coherent with the data for the observed red-shift data and the estimate 
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of matter density that is implicit in the constant k. The coefficient k of the parabola, 
determined by poo should adjust in a satisfactory way the curve of the observed red- 
shift. It is worth to notice that the same result can be used in an inverse way to 
improve the poo estimate with bases on the observed red-shift." Double Slit" Young 



4.2. Stability 

The stability of the model can be evaluated by the Buchdahl theorem^ that presents 
the limit Mass-Radius for the stability of any matter distribution with spherical 
symmetry and constant density, 

m 4 „ 

n * 9 < 25 > 

and for © 

r\ < ^— (26) 

as the limit for the radius of the matter distribution (and of observation) as a func- 
tion of density. This result can be verified experimentally calculating the estimated 
density in several spheres of astronomical observation (in large scale) of radius n (or 
consider the mass of all of the objects observed interior to the observation sphere 
with radius r{). Another experiment would be the impossibility of observing an 
object at a larger distance than imposed by l]26p. taking into account the current 
estimate of the density of matter p o m a large scale. Notice, that the result ([26]) 
can also be used to adjust poo if the object of the largest distance n still already 
observed is considered. 



4.3. Static Condition 

An observational result expected for this model, given a static configuration (in large 
scale) and free from singularities in time (universe without big bang), one observes 
matter structures (galaxies) at large distances of conformation, similar to closer 
galaxies, suggesting that the creation and destruction of matter, if this mechanism 
is in action shall be of local nature. 



5. Conclusions 

In the present work we obtained as main results: the possibility of a new static 
model; the relative condition of matter, or the inexistence of an absolute center 
in the interior of matter distributions, and the question if in distributions in large 
scales this characteristics could affect observation of the local dynamics of observed 
objects. As seen in Fig. 1, a part of the matter distribution does not influence the 
metric of the observer; the observation limit given by (|26|) can be calculated in units 
of cosmic time. The accelerated red-shift in spite of the model being static; and some 
possibilities arise for experimental proofs of the model. An important aspect of the 
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model is the equivalence of arbitrary matter distribution reference frames, as ex- 
pected for a model which intend to introduce extensions or generalizations in the 
framework of the theory of relativity. Observable quantities or genuine physically 
relevant variables in such a treatment are, as is the case in the usual 4-dimensional 
general relativity treatment, quantities which depend typically on the distance of 
two hyperspace events, in the present work manifest in the equivalent expression for 
the pressure and density with respect to the initial I 4 and the final frame F 4 . We 
have thus shown that there exist distinct but completely equivalent frames where 
the same physics may be described. This strongly reminds on a procedure which is 
today one of the cornerstones of quantum field theory and their subsequent develop- 
ments such as supersymmetric or string theories, i.e. the gauge principle. One may 
choose a specific gauge without altering the physical content of a model or theory 
The same applies here, the connection between I 4 and F 4 may be considered as a 
gauge like degree of freedom. If such a reasoning is consitent, then the question arises 
whether it will be possible to introduce quantization associated to winding, i.e. a 
loop I 4 F 4 7 in the same spirit as for instance the Aharonov-Bohm effect may be 
used to explain quantization of charge. Another aspects to be approached in future 
works are the possible consequent conceptions of modern quantum physics to the 
proposed extension 5D theory of relativity, such as, Heisenberg's uncertainty prin- 
ciple, discreteness of energy, the wave-particle duality of light and matter, quantum 
tunneling and interference experiments. 
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